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On Kelvin’s ship-wave pattern

By F. URSELL
Department of Applied Mathematics and Theoretical Physies, University of Cambridge

(Received 25 October 1959)

When a concentrated pressure travels with constant velocity over the free surface
of water, it carries with it a familiar pattern of ship waves. Let viscosity and
surface tension be neglected, let the free-surface condition be linearized, let the
depth of water be assumed infinite, and let initial transient effects be ignored.
Then, as is well known, the wave motion everywhere can be found by standard
methods in the form of a double integral. The wave pattern at a great distance
behind the disturbance can be found by an application of the ordinary method
of stationary phase, which shows that the wave amplitude is considerable
inside an angle bounded by the two horizontalrays6 = 4+ 0,from the disturbance,
where 0, = sin~1} = 194°. But the method fails in two regions, near the track
0 = 0 of the pressure point, and near the critical lines ¢ = +6,.

These two regions are treated in the present paper. It is shown that near
6 = 0 the linearized surface elevation oscillates with indefinitely increasing
amplitude and indefinitely decreasing wavelength. (This result holds only when
the pressure is concentrated at a point and applied at the free surface.) Near
the critical lines the surface elevation at a greater distance behind the pressure
point can be expressed in terms of Airy functions, and this expression goes over
into the known wave pattern inside the critical angle. It is shown that near the
critical lines the crest length increases as the cube root of the distance, and that
the separation between crests remains constant. Contour maps of the wave sur-
face are given for three distances behind the moving pressure point.

1. Introduction

When a disturbance (e.g. a ship) travels on a water surface, it carries with it a
familiar pattern of bow and stern waves which was first explained mathematically
by Lord Kelvin (Sir W. Thomson 1891). Instead of ship waves he considered
the waves generated by a prescribed pressure distribution moving with a constant
velocity U and acting on the water surface. The magnitude of the pressure and
the resulting wave slope were assumed to be so small that the equations of motion
could be linearized; viscosity and surface tension were neglected. Under these
assumptions it is sufficient (in principle) to calculate the waves due to a moving
concentrated pressure point; the effect of a distribution of surface pressure can
thence be found by integration. Kelvinshowed, apparently by using his principle
of stationary phase, that the characteristic wave pattern of a pressure point is
the superposition of two sets of waves effectively confined between the two
vertical planes @ = + 6, = + 19}, where the co-ordinates are taken asin § 2 below;
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for a figure see Lamb (1932, §256). A simple argument using such ideas was
given by Havelock (1908, p. 417), and by Lamb (1932, §256). All these results
are valid at a distance of many wavelengths behind the pressure point; near the
pressure point the principle of stationary phase is not applicable. It was found
that near the critical lines 6 = + 6, the amplitude is much larger than elsewhere
at the same distance from the pressure point, and the simplest form of the prin-
ciple of the stationary phase could not be used there. (Kelvin predicted infinite
amplitudes on & = §,; the amplitude variation on 6 = 8, was first given correctly
by Havelock (1908, see equation (4.1) below).) The study of the wave pattern
near, but not actually on, a critical line is more difficult and was undertaken by
Hogner (1923) who was able to write the surface elevation as the sum of a double
and of a single integral, and to show that only the latter is significant at a large
distance behind the pressure point. This is convenient because the application
of the methods of steepest descents and of stationary phase to single integrals is
simple. There are, however, some difficulties in his work. First, the single integral
has one finite limit of integration, and this leads to complications (see p. 19 of
his paper). Secondly, near the lines ¢ = + §,, where a single asymptotic expres-
sion in terms of Airy functions would be expected (cf. equation (4.12) below),
Hogner’s expression changes its form as 6 passes through 6, (Hogner, 1923,
equations (82), (83)).

A new treatment of the problem has been given by Peters (1949). The surface
elevation was obtained by him in a form similar to Hogner’s, as the sum of a
double and a single integral where again only the latter contributes significantly
to the waves far behind the pressure point; but Peters’s integral, unlike Hogner’s,
has both limits of integration at infinity. By an immediate application of the
method of steepest descents he found expressions which are valid when & is
not near §,. An expression was also given for 6 on and near 6 = 6,; but this is
valid only when N%|6 —6,| is small, see §4 below.

While the work of Peters has thus reduced the problem of finding the waves
far behind the pressure point to the asymptotic evaluation of a single integral
containing a large parameter, there are two regions which have not yet received
adequate treatment, and these will be considered in the present paper. One is
the vicinity of the track of the pressure point where ¢ and z are small. The limits
are non-uniform: we shall see by applying the method of steepest descents that
the amplitude tends to o0 as 6 tends to 0 on z = 0 (but on @ = 0 it is finite as
z tends to 0). The other region is the neighbourhood of § = 6,, where an expression
in terms of Airy functions will be given; here the method of Chester, Friedman &
Ursell (1957) is applicable, and the expression is valid in some finite angle
including the line & = 6,.

2. The elevation due to a travelling pressure point

Peters has calculated the velocity potential and the surface elevation
{(z,y; U,g) above the mean water level. In this calculation the exact free-
surface condition has been replaced by its linearized approximation. Take the
origin of co-ordinates travelling with the surface pressure point, the xz-axis
horizontal along the track of the disturbance, and the y-axis horizontal at
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right angles to the z-axis. Write K = g/U? and define N and ¢ by the

equasions Kx = Ncosf, Ky = Nsino. @.1)
The critical angle 6, is defined by
0,=sin"1} = tan‘l—l— = 193°;

2.2
and the total force acting on the fluid is denoted by P,,.
Then Peters’s expressions for {(x, y) are:

forx >0
E@y) = L@ 9) + &=, 9),
where
7T2pU2 o _k sin?y cos (ky cosy)
iz, y) f dkk*e zf dy K%+ k?sin®y

and

P Kz €2(x: )

= 2lim " (1 +u?) cos {Kyu /(1 + u?)}sin {Kwx /(1 + u?)} exp { — Kz(1 + u?)} du

z—>0
=im lim (1 +u?) exp [1N{(cos @ —usin 0) /(1 + u2)}Jexp { — Kz(1 +u2)} du;
z—>0

(2.2)

while for z < 0, {(z,y) = {;(—=,y). At the pressure point = 0, y = 0 the inte-
grals diverge.

It appears impossible to express ¢; and §, in terms of known functions, but
asymptotic expansions for the amplitude at a large distance (N > 1) behind
the pressure point can be found, and these show that the contribution of ¢ is
negligible inside the critical angle |6] < 6,. For according to P, p. 142,*

712/01’{2U2 m 3my? © 4k i cos (ky cosy)
60 = g g, ]
(2.3)

and when the substitution £ = Ku siny is made in the double integral, this be-
comes

3 4
f duf dy (K Tiy 5 tu exp (— Kausiny) cos (Kyusiny cosy)

f dy(K sin y)3f du 2 OXP (— Kausiny —iKyusiny cosy)

= Qf dy(K siny)3 Fy(Kxsiny + 1Ky siny cosy), (2.4)
0
where by definition
_ © s g—uZ 2 1 © g—uZ
Fo(2) =fo Ty = Z“a‘z+f., Tre

* References preceded by the letters H or P are to Hogner (1923) or Peters (1949),
respectively.
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The last integral is related to the exponential integral (Jeffreys & Jeffreys 1946,
P. 443), and it can be shown that for re Z > 0 and {Z| < 1 we have

| Fo(2)] < 412Z]7%

while for re Z > 0 and |Z| > 1 we have |F(Z)| < 4|Z|~5, by the method of
steepest descents. To find a bound for (2.4), write it as

11}”+1 1 "—I 1,41, sa
2 0 E 11;7r+§ x}fr_ 1+ 2+ ¥ v

In I, introduce the new variable § = Kzsiny +¢Kysiny cosy; then

g—"}bj = |Kzcosy+iKycos2y| > }|Kx+iKy| = N,
and |Ksiny| = |f(x+tycosy) | < 20 |x+iy|t = 26KN-L.
Thus, L) <1 f |28 K3N 3| Fy(8)|2N-1|dp| < AKN-. (2.5)
“Jo
Similarly, |I,| < AK2N-.

To find a bound for I,, deform the path of integration in the y-plane to pass
below vy = im; on the new path, the real part of Kzsiny+iKysinycosy is
positive, and |Kzsiny +iKysinycosy| > A|Kz+iKy|

which is uniformly large when N is large. Thus

TARY! ;K3N—5|d‘y] < AK3N-S, (2.6)

and equations (2.5) and (2.6) show that the double integral in (2.3) is O(K3N ).
Thus ¢, is of order N-3 everywhere, while , is of order N—* inside the critical angle,
and exponentially small outside the critical angle, see P, equations (5.2), (5.4).
Thus, ¢, is dominant inside the critical angle, {; outside. We are considering the
asymptotic form of {(z,y) for large N = K|x+1y|; the expressions (2.3) and
P (5.2), (5.4) are adequate except near § = 0 and ¢ = + §,. (They will not be
quoted here; see, however, §4 below.) We shall now obtain new expansions valid
near § = 0and 0 = 6,.

3. The track of the pressure point

We shall have to evaluate (2.2) for small 8, where, by reason of the symmetry
of the pattern, we shall take 6 > 0. If we attempt to find the limit in (2.2) by
putting z = 0 in (2.2) we see that the resulting integral does not converge. This
difficulty is avoided if the path of integration is deformed before z is placed equal
to 0. The new path is chosen so that

exp [iN{(cos 0 —usin G) /(1 + u?)}] (3.1)
tends to zero rapidly as |u| - oo along the new path, and there are two cases,
6 = 0 and @ > 0, which must be considered separately.

(i) If 6 =0, take a path of integration along the straight line from
u = —ooexp (4m) through w =0 to ooexp(}mi), say. Along this path
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exp {iN /(1 +u?)} > 0 as |u| > o0, and exp { — K2(1 + «?)} is uniformly bounded
for all » on the path and all z > 0. Thus, this integral is uniformly convergent as

z—> 0, and
s pg w0 exp i)

~ Pk Lo(x, 0) = (1 +u?)exp iV /(1 +u?)} du. (3.2)

—wexp(End)
(Clearly a good deal of latitude is allowed in the choice of the path.) This may be
written in terms of Bessel functions, (P, p. 140, cf. Hogner 1924, p. 7):

PK ] PyK2 [ 2
Yok~ == (WKz

G, 0) =

and so {, is finite when Kz is positive.
(i) If@ > 0, take a path of integration along the straight line from
u = —ooexp($mt)tou = 0, and thence along the straight line to u = coexp ( — §rt)
Along this path the expression (3.1) tends to 0 as |u| >0, and exp { — Kz(1 +u?)}
is uniformly bounded. Thus, as in (i), the integral is uniformly convergent as
z — 0 for fixed 6, and
mpg o exp (—§ni)

NC Gol,y) = exo o (1 +u?) exp [¢N{(cos & —usin 0) /(1 +u?)}] c(l:.4)

We note that the limits of integration in (3.2) and (3.4) are different, and we are
led to suspect singular behaviour near = 0. This is confirmed by the following
calculation. First, deform the path of (3.4) into two paths of steepest descent
through the two saddle points. These points are the roots of

(d/du){(cos 8 —usin ) /(1 +u?)} = 0,
i.e. the roots of wcost — (1 +2u?)sind = 0,
i.e. the points

u, (0) = Heot 0 + J(cot?0 —8)} and wu_(0) = }{cot & —,/(cot?d —8)}, (3.5)

which are real if 6 < 6, as we may suppose in this section. The paths of steepest
descent are sketched in P, fig. 5, in the plane of a convenient variable 7 = sinh—1u
in terms of which the function

F(u) = (cos§ —usin ) /(1 +u?) (3.6)

is single-valued. The paths of steepest descent C'_(8), C () in the cut u-plane are
their conformal images and are shown schematically in figure 1.

The path of (3.4) can be deformed into C_+C,. Consider the behaviour of
the integral as & - 0. It is easy to see that the integrand tends to zero uniformly
as |u| - oo along C'_(6), and so, as § — 0,

)& cos (Kx—%m), (3.3)

w0 exp (i)
f —>f (1 +u?)exp iV /(1 + %) du
o

w exp ($nd)

coexp(t}m)
—f (1+u?) exp iV /(1 +u?)} du,

—w exp @D
whence imf ——33Y (Kz)— Y (Kx)},
o

see equation (3.3)).
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As for the integral along C, (), we note that u,(0) ~ }cotd — co; thus € (6)
moves off to infinity as & — 0. Introduce a new variable » = % tan 6, in terms of
which

exp(—tni)
f = cot? 0fw xp (v2+tan26) exp [QN 00s*9 {(1 —v) /(2 + tan? 0)}] dv.
Cy o exp (dr) s 0
(3.7)

The expression { } has asaddle point at v (0) = u(0) tan6 = }(1 + /(1 —8tan?9)),
which remains finite as 6 — 0; and the expression (N cos?8/sin ) = M is a large

KC

FiGure 1. Deformation of the contour of integration for small values of 6.

parameter tending to co as § - 0 (whether N is large or not). If we apply the
ordinary method of steepest descents (see, for example, Jeffreys & Jeffreys
1946, §17.04) to (3.7), we find (the details are omitted) that

3
|~ mhexp iMf(0)~4mi), whence near 6 = 0
Cy

Mt
mpg
P K2 €2 ’y 1mf0+

N cos26
sin 8

= 3N} (sin 6)sin { o) — ;}—n} +o(N-t(sin6)-¥), (3.8)

where by definition
3%
f(ﬁ)s-f—(i(l 3J(1—8tan26))¥ (1+ /(1 —8tan20))},

-3 as 6->0.

The equation (3.8) shows that the free surface oscillates with infinitely increasing
amplitude and infinitely decreasing wavelength as & — 0. This behaviour may be
compared with the behaviour of waves due to a concentrated initial pressure
(Lamb 1932, §239), and is responsible for the infinite wave resistance of the sur-
face pressure point. (For a submerged pressure point or distributed pressure
the amplitude on & = 0 and wave resistance are finite.) We note again that to
obtain (3.8) it was not necessary to assume that N is large.
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4. The neighbourhood of the critical lines

We have noted in §1 that existing expansions are inadequate in various ways
near § = +4,. On the line § = g, itself, the function F(u) of (3.6) has a double
zero, and the saddle points ., (0),u_(0) coalesce into a saddle point of higher

order at u = 1/,/2 which is easily treated by the method of steepest descents.
Peters (equations (5.3), (5.5) with an error in sign in (5.3)) has shown that

m
—- % Co(z, ztan 0,)
0
Brg) . (3t %r@) (3t
NE N%‘ Sln(EN)—E_'—ZV; COS(?N), (4.1)
where N = Kzsecf,.

Thus, on (and presumably near) 8 = 0,, the amplitude decreases as N -} while
elsewhere it decreases as N-* (see P (56.2), (5.4)), and so the waves are prominent
near 0 = 0, when N is large. We shall now obtain an asymptotic expression which
is valid in a finite angle including the line & = @,. This is to be compared with
Hogner’s equations (H (82), (83)) which change in form as the line 6 = 6, is
crossed; it is believed that these hold when N¥|9—6,| is large and N¥|0—6,] is
small, but their precise region of validity has not been investigated. Qur asymp-
totic formula will be derived by the method of Chester et al. (1957) and will
involve the Airy function (see Jeffreys & Jeffreys 1946, §17.07)

1 w0 exp (37i)
Ai(Z) = exp (32— Zt) dt, (4.2)

v
<M J o exp (-4mi)

1 @«
= —f cos (33 + Zt) dt

TJo
when Z is real. Since in (4.2) the argument of the exponential is a cubic poly-
nomial, comparison with (3.4) suggests the introduction of a new complex vari-
able v by the implicit relation

F(u,0) = (cos 0 —usin0) /(1 +u?) = — %+ u(0)v—v(0), (4.3)

where #(0) and v(0) are to be chosen 80 as to make the transformation regular in a
uniform neighbourhood of v = 1/,/2 for all § sufficiently close to 6,. The segments
of the path of integration of (3.4) lying outside this neighbourhood are deformed
into segments of paths of steepest descent from the saddle points, and the
contribution from these is negligible, as in the ordinary method of steepest
descents. The only significant contribution thus comes from the neighbourhood
of the (nearly coincident) saddle points where the transformation (4.3) is
applicable.
On differentiating (4.3), keeping 0 fixed, we get
oF(u,0)du
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The left-hand side vanishes when « = »  (6), the right-hand side whenv = + 1k (0).
If the (u,v)-transformation is to be regular, these points must correspond, and
so, from (4.3),

Flu,,0) = (cos 0~ u, sin0) (1 +u%) = §u¥(0) —v(0), b ws

F(u_,0) = (cos 0 —u_sin0) /(1 +u) = — 2u(0)—v(0),

where u, () and u_(0) are known functions of 6, see equation (3-5). These equa-
tions are readily solved for x(¢) and v(6)

3% cos20

1) = S 1+ Q1 -3QF - (1- @ (1 +3Q), (4.6)
3

W0) = - Q-1+ - QP HIQE, @)

where @ = ,/(1-8tan?0). By expanding these expressions it can be shown
that 4(60) and v(0) involve only even powers of @ and are therefore regular func-
tions of 4.

This also follows from the general theory (Chester et al. 1957), which shows
further that with these values of x(0) and v(0) the transformation (4.3) is indeed
uniformly regular, and that the pointsu = u, (0),v = + 4¥(8) correspond. Follow-
ing the procedure explained by Chester et al. (1957) we change the variable of
integration in (3.4) to v, and expand (1 +u?) du/dv in the form

(140952 = £9,(0) (02— (O™ +0E 90(0) (02~ (O™,

which holds uniformly when » and 6 — 6, are sufficiently small. The theory shows
that the asymptotic expansion of (3.4) is

=p,(0) f (0% — u(B)ym exp [iN( — 3% + o — )] do
+Eg,(0) f o(o? — (6))™ exp [iN(— 08+ v —v)] do,

where the integration can be extended with a negligible error from —ooexp (}7)
to coexp (—3ims), cf. P, fig. 6. To obtain the dominant terms it is sufficient to
calculatethe leading coefficients p,(¢) and g,(0). On puttingu=u(0),v= + 1),
we find that du

(1+u2) (%) = 7ol £ 14OV 700,

and the left-hand side is known when du/dv is known at v = + 3 (8).
But, from (4.4), 2p (du)2 OF du

o \dv) Toudt T T
0*F du\?
h il Y = xoud
whence (auz)i(av)i T 2ut, (4.8)

2
where (8 F)

2
ou? /) .

i?%sinagu + Q)P (171Q)?, (4.9)
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as is easily shown. The sign of (du/dv). is positive for small 8 —0,, since u = u_,
v = + u? correspond. Thus, from (4.8) and (4.9),

(rat) () S0 10 N azerazien

dv)., 9%ginfg \1 —8tan20
whence s :
_ Btcos*0(  u(0) 01 _10M 1014+ 10M
Po(e)— lﬂlsmgﬁ (1—8tan20) {(1+Q) (1 SQ) +(1_Q) (1+3Q)}
4.10
and . : (4-10)
_3teos?O0f wO) T, Fo1—10¥—(1 0% $
00) = S o () @ @ -1t - - 1+,
(4.11)

where @ = N(1—8tan?6); the functions py(8) and ¢,(0) are regular near 8 = 4,.
We thus see that the integral (3.4) is asymptotically

po(ﬁ)f exp [tN(—31v3+ pv—v)]dv + qo(ﬁ)f vexp [sN(—1v® + pv—v)]dv

= —ipy(0) [ exp LN G-+ 10— iv)]dw—(0) [ wexp [N (hut + o )] o,

where w = iv and the integration is from w = coexp (—imi) to w = coexp (4m1).
But these integrals are multiples of the Airy function (4.2) and of its derivative.
Thus the integral in (3.4) is asymptotically

2mi oxp (— iN¥(0)) {— iV~ po(0) Ai (— N¥u(0)) + N-34(6) Ai’ (— N¥u(0))}.

Higher terms in the expression are of order N-% Ai, N-% Ai’ at most. The amplitude
{(x, y) is obtained from the imaginary part, cf. equation (3.4)

ot 9) ~ 2L 43 (= Nu(0) sin (370(0)

_;VL? Ai’ (~ N¥u(0)) cos (Nw(6)), (4.12)

where u(0), v(0), po(0), q,(0) are defined by equations (4.6), (4.7), (4.10), (4.11),
respectively, and are regular near ¢ = @,. It can be shown that near 0 = 0,.

) = —5’;(0—@”0«0—@)2),
(4.13)

gt gt
WO) = -5+ 30 =0)+0((0-0,)),
3} 15
and that Po(ec) = Eg’ qo(ec) = 5?

Values of the functions x(60), v(8), ps(0), 95(0) are shown in Table 1. The functions
Ai and A’ are tabulated by Miller (1946).

Equation (4.12) gives the wave pattern far behind the travelling pressure
point; from the general theory (Chester et al. 1957) it follows that it is valid in
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0 (degrees) () v(6) Pol6) 20(6)
10-00 0-532 —1-227 9484 11-131
10-25 0-510 —1.210 8:890 10-545
10-50 0-488 —~1-193 8-348 10-002
10-75 0-468 —1-177 7-852 9500
11-00 0-448 —1-162 7-397 9-035
11-25 0-429 —1-147 6979 8-603
11:50 0-410 ~1-133 6594 8-201
11-75 0-392 ~1-120 6-239 7.826
12:00 0-374 ~1-107 5-911 7-476
12-25 0-357 —~1-095 5670 7.148
12:50 0-340 —~1-083 5-326 6-842
12-75 0-324 —1-071 5:085 6:555
13-00 0-308 —~1-060 4-822 6-285
13-25 0-293 —1-050 4-596 6-032
13-50 0-278 ~1-039 4-385 5793
13-75 0-263 ~1-030 4-189 5569
14:00 0-249 —1-020 4-005 5-357
14-25 0-235 —1-011 3-833 5-157
14-50 0-221 ~1-002 3-672 4-967
14-75 0-208 —0-993 3-521 4-788
15-00 0-195 —0-984 3379 4-619
15-25 0-182 —0-976 3.248 4-458
15-50 0-169 —0-968 3120 4-306
15-75 0-157 —0-961 3-002 4-161
16-00 0145 —~0-953 2-891 4-023
16-25 0-133 —0-948 2.786 3-892
16-50 0-122 —0-939 2-686 3-768
16-75 0-111 —0-932 2:593 3-649
17-00 0-100 —0-925 2.504 3536
17-25 0-089 ~0-918 2:420 3428
17-50 0-078 —0-912 2:340 3324
17-75 0-067 — 0908 2:265 3-226
1800 0-057 ~0-899 2:103 3131
18-25 0-047 —0-894 2:125 3-041
18-50 0-037 —~0-888 2:060 2.955
1875 0-027 —0-882 1-999 2.872
19-00 0-018 —0-876 1-940 2793
19-25 0-008 —0-871 1-884 27186
19-50 —0-001 —0-865 1-831 2:643
19-75 —0-010 —0-860 1-780 2.573
20-00 —0-019 —0-855 1-732 2-508

TaBLE 1. The coefficient functions u(8), v(6), p4(0), g,(0) occurring in equation (4.12)
for the elevation

some finite angle including § = §,and it reduces to the equations of Peters (P (5.2),
(5.4)) when | N §y(6)| islarge, as can be shown by using the asymptotic expressions

Ai(X) ~ I tXtexp(—2XY), AV (X)~ —drtXtexp(—2X}),
Ai(—X) ~ 74Xt cos (2XE—1m), A" (—X)~ m*Xtcos(2XE—3m),
valid when X islarge and positive. The equation (P (5.5))is obtained by supposing

that N¥4(6) is small, expanding the Airy function in powers of § — 6, and retaining
only the first two terms.

} (4.14)



428 F. Ursell

S. Description of the wave pattern

Let us consider first the well-known pattern some distance inside the critical
lines where the Airy functions may be replaced by their asymptotic expansions
in terms of circular functions. When ¥ is large, the surface elevation in this region
is of the form (see P (5.2))

A0 A0
1 cos (57,(0) + e+ 22 cos (NF,(0) + 4. (5.1)
95 100 105 110 115 120 12

45

gy/U?

N

105 110

gx|U?

Figure 2. Contours of equal magnitude of the dimensionless surface elevation
pU(x, y)/2gP, due to a concentrated force F, moving with velocity U, for gr/U? = 2arjA
near 100. (Here » denotes the distance from the disturbance, A the wavelength of waves
moving with phase velocity U.) For the sake of clarity only positive values of the eleva-
tion are shown. Note that the largest elevation in the figure occurs near the point
(120-2, 28), not near 6§ = 6,.

The curves of constant phase corresponding to each term are of the form
rf(0) = const.;

that is, they are geometrically similar with respect to the origin (see also, Lamb
1932, §256). The amplitude of each term falls off like r—%. The total surface
elevation, being the sum of two terms, does not exhibit exact similarity with
respect to the origin, but the amplitude is almost periodic along radii from the
origin.

Next let us consider the surface elevation (4.12) near the critical line 6 = 0,
when N is large. For very large N and bounded values of N¥ |0 — 6,| the first term
in (4.12) is dominant. Thus, the nodal lines (contours of zero surface elevation)
lie near those curves where the first term vanishes, that is, near those curves
where either sin (Nv(6)) or Ai(—N%u(6)) vanishes, that is,

near Nv(0) = mm, where m is any large integer, (5.2)
and near N¥u(0) = |ay|, |asl, ..., |aq|s - (5.3)
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where a, < 0 is the sth zero of Ai (z). It follows from (4.13) that the curves (5.2)
are ultimately equidistant straight lines crossing 6 = 6, at an angle tan~11/,/2
that is, inclined at an angle tan—24/2 = 7+ 40, = 54 3°, to the track of the dis-
turbance, as was stated by Kelvin (W. Thomson 1891, p. 485). As for the curves
(5.3), it follows from (4.13) that they are approximately of the form

S
Kp = —3—(Iw)3 |a|,
940 945 950 955 960 965 970
// /

R4

345 0025 345
7 L §=0,<sin"1}
vz,
S
o0 VI %/ 7490
335 % 335
60 965 /
330 ; 4 24330
S
g / v 0 % 7

325 V = 325
320 ﬂ %// ﬁ ” 320

7 / ~ 7 /
315 7 Yo / 315
310 % / /J // 310

1 G@f) /77 / /
305 2 305

940 Ogts 945 950 955 960 965 970
gx/U?
Ficure 3. Contours of equal magnitude of the dimensionless surface elevation

pUG (=, y)/2gP,, for gr/U® near 1000. For the sake of clarity only positive values of the
elevation are shown. The elevation again exceeds 0-08 near the point (963, 285).
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where p is the perpendicular distance from ¢ = 6, and r is the distance from the
origin. These curves lie inside the critical lines, and it is seen that p increases only
slowly with distance from the origin. Thus, the curves (5.2) and (5.3) combine to
form a net of (approximate) parallelograms: the sides parallel to 0 = 6, are of
nearly constant length, while the length of the sides parallel to 6 = }7 + 10,
increases as the cube root of the distance. The amplitude due to the first term in
(4.12) varies with distance as N -} and this is ultimately much larger (by a factor

9435 9440 9445 9450 9455 9460 9465
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Ficure 4. Contours of equal magnitude of the dimensionless surface elevation
pU%(x, y)/2gP,, for gr/U? near 10,000. For the sake of clarity only positive values of the

elevation are shown. Note the progressive lengthening of the crests with distance from the
disturbance, as shown by figures 2 to 4.
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N%) than the term N—* describing the variation with distance well inside the
critical angle. Thus, ultimately the largest waves are near the critical lines
6 = + 0, and near 6 = 0 where the linearized theory predicts infinite amplitude
and infinitesimal wave length.

Figures 2, 3 and 4 show contours of equal surface elevation computed from
(4.12) for three distances, near N = 100, 1000 and 10,000, respectively, where
N = gr/U? = 27r[A, and A is the wavelength of a regular wave-train travelling
with phase velocity U. In each case the nodal lines lie near the boundaries of the
parallelograms mentioned above. There are striking phase changes near the
zeros of Ai (— N¥u(6)); these arise from the presence of the second term in (4.12).
The lengthening of the crests with increasing X is clearly shown. Figure 3
(N = 1000) resembles closely the contour map computed by Hogner (1923).

In figure 2 (N = 100) the largest amplitudes occur near the point (120-2, 28)
which is not near 6 = 6, where they would be expected. The reason is that the
quotient N—* obtained in the last paragraph but one is about 0-46 and differs
little from unity. The reduction in wave height by this factor is more than
compensated by the fairly rapid increase in p4(f) and ¢,(f) as 6 decreases from
6,; see Table 1 above. Even when X is near 10,000, the quotient V ¥ js still about
0-22. Thus the concentration of amplitude near the critical lines is not very strik-
ing (much less so than is suggested by Havelock’s comparison {1908, Table 2) of
the amplitude on the critical lines with the amplitude of transverse waves on
6 = 0).

In the computations it is assumed that the pressure is concentrated at a point
on the free surface. If the pressure is distributed over an area, the resulting ampli-
tude is obtained by an integration over the area, and in regions where the wave-
length is short (compared to the dimensions of the pressure area) the amplitude
will be reduced by destructive interference. In particular the infinite amplitude
predicted near the track of the disturbance will not be observed. Similar remarks
apply when the waves are due to a submerged instead of a surface source.

Mr H. P. F. Swinnerton-Dyer computed for me the co-ordinates of points on
the contours of equal elevation which are shown in figures 2, 3 and 4. His help
and advice is most gratefully acknowledged.
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